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Abstract 

In the paper we study solvable matrix representations of fundamental 
groups of compact Kahler manifolds (Kahler groups). One of our main re- 
sults is a factorization theorem for such representations. As an application 
we prove that the universal covering of a compact Kahler manifold with a 
residually solvable fundamental group is holomorphically convex. 

1. Introduction. 

1.1. Let M be a compact Kahler manifold. The fundamental group tt\{M) of M 
can be studied via its representations or equivalently in terms of locally constant 
sheaves on M. The set Hom(iii(M),GL n (C)) of all homomorphisms of vri(M) 
into the matrix Lie group GL n (C) has the natural structure of a complex affine 
algebraic variety. The group GL n (C) acts on Hom(7ii(M),GL n (C)) by pointwise 
conjugation: (gf)(s) = gf^g' 1 , s G ttx(M). The study of geometric properties of 
Hom(iTi(M), GL n (C)) is of interest because of the relation to the problem of classi- 
fication of Kahler groups and description of complex manifolds which occur as non- 
ramified coverings of a projective manifold. For any p G Hom(7Ti(M), GL n (C)) let us 
denote by X p the union of all the irreducible components containing p. Let D n (C) C 
GL n (C) be the subgroup of diagonal matrices. The primary goal of this paper is to 
prove a factorization theorem for the elements of X p with p G Hom(7Ti(M), D n (C)). 
Before formulating the result let us first introduce some notation. 

Let N be a compact Kahler manifold. Hereafter oln : iV — > Alb(N) denotes 
the Albanese map of N and N a is the normalization of the image ajv(./V). We also 
denote by a 1 ^ : iV — > N a the holomorphic map which covers on- 
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Theorem 1.1 Let M be a compact Kdhler manifold. There is a finite Galois cov- 
ering r : Mh — > M with an abelian Galois group H := H(M) such that for any 
£ G X p with p G Hom(7ii(M), D n (C)) we have 

Ker(a n M J C Ker(£) . 

Remark 1.2 If p G i/om(7r 1 (M), D n (C)) is the trivial homomorphism, then our 
method of proof gives also Kerip^^) C Ker(£) for any £ G X p . 

Example 1.3 Let T n (C) C GL n (C) be the subgroup of complex upper triangular 
matrices. For any p G Hom(n 1 (M),T n (C)) let d{p) G Hom^M), D n (C)) be the 
representation defined by the diagonal of p. For the holomorphic diagonal matrix 
A(z) := diag[l,z, z 2 , ...,z n_1 ], z G C, we set p(z) := A{z)~ l pA{z). Then p(z) 
determines a holomorphic deformation of p to p(0) = d(p). In particular, p G X^i p \. 

We now generalize the above example. Let V p be a flat vector bundle on M con- 
structed by p G Hom(7ii(M), GL n (C)). Clearly, V p can be also considered as a 
holomorphic vector bundle. Assume that 

(a) As a holomorphic bundle, V p is isomorphic to a bundle V p ° with structure 
group T n (C). 

Let Gr*V^° be the associated graded vector bundle with cocycle defined as the 
diagonal of the cocycle of V p . Then Gr*V p is the direct sum of rank-1 holomorphic 
vector bundles on M. Assume that 

(b) The first Chern classes of components of the decomposition of Gr*V p ° belong 
to Tor (H 2 (M),Z). 

Denote the class of representations p satisfying (a) and (b) by S®(M). Clearly, 
Fornix (M),T n (C)) C S°(M). Let D% C D n (C) be the subgroup of unitary diago- 
nal matrices and p t : M t — > M be the Galois covering of M with the Galois group 
Tor(TCi(M)/DTTi(M)). Here DG = D 1 G is the derived subgroup of a group G. (We 
also set D l G = DD t ~ 1 G .) Under the assumptions of Theorem |1.1| we prove 

Theorem 1.4 For any £ G S®(M) there is p G Hom(iTi(M), D^) such that p*(£) G 
X p *( p y Moreover, r*(£) factors through olm h , that is, 

/or some f G Hom(ir 1 (M Ha ), GL n (C)). 

Remark 1.5 Assume that £ G S®(M) is such that Gr*^ is the direct sum of C°°- 
trivial rank-1 holomorphic vector bundles (equivalently, all first Chern classes in (b) 
above equal 0). Then we will show that £ G X p for some p G Hom(7Ti(M), -D"). 
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Let E n (M) be the class of homomorphisms p : tti(M) — > D n (C) whose diagonal 
characters pa satisfy pa = exp(pu) for some pa G Hom(iii(M), C). By S n (M) we 
denote the class of representations p G Hom(7Ti(M), T n (C)) such that the homomor- 
phism d(p) defined by the diagonal of p belongs to E n (M). If 71 : T n (C) — ► T n (C) 
is the universal covering, then, according to [O, Th.5.5], p G S n (M) if and only 



if p = 7r o p for some p G Hom(7ti(M), T n (C)). In Lemma L6 we will show that 
X p C ^d(p) for any p G S n (M). Let T^ 1 C T n (C) be the subgroup of matrices 

with unitary diagonals and T% C T n (C) be the universal covering of T^. We set 
5«(M) := S n (M) n Hom^M), T%) and define 

G°(M) = n n ^r(p) gl(m) = h n *«•(/>)■ 

™>lpGS„(M) n>lpG5^(M) 

Notice that the above groups are kernels of "P-completion homomorphisms 77^ : 
7Ti(M) — >■ 7r 1 (Af)' P where P is the category of groups T n (C) and T^, respectively. 
In general we can say only that G° S (M) C G° U (M). However, if M is a compact 
Kahler manifold then 

Theorem 1.6 G° S (M) = G° SU (M). 



1.2. We apply Theorem |1 . 1| to the problem of the holomorphic convexity of a Galois 
covering of a compact Kahler manifold. Central to the subject is a conjecture of 
Shafarevich according to which the universal covering M u of a projective manifold M 
is holomorphically convex, meaning that for every infinite sequence of points without 
limit points in M u there exists a holomorphic function unbounded on this sequence. 
In recent years many new powerful methods have been developed to investigate the 
structure of the fundamental groups and universal coverings of complex projective 
manifolds. These methods lead to many new remarkable results. In particular quite 
a few positive results on the Shafarevich's conjecture were proved, e.g. the results 
of F. Campana, H. Grauert, R. Gurjar, L. Katzarkov, M. Nori, M. Ramachandran, 
C. Simpson, S. Shasrty, K. Zuo, S.T. Yau (see e.g. [C], [Kal,2], [KaR], [Kol,2], 
[N], [S], [Y]). It was also shown by F.Bogomolov and L. Katzarkov [BK] that a 
counterexample to the Shafarevich conjecture exists provided that one can answer 
affirmatively a certain group theoretic question. 
For a compact Kahler manifold M we define 

G S (M) := H fl K ^(P) (!•!) 

n>l peHom(7ri(Af),T„(C)) 

and let M s be the regular covering of M with the transformation group 7Tj (M) / G S (M) . 



Theorem 1.7 M s is a holomorphically convex manifold. Thus if p : Mi — ► M is 
a finite unbranched covering of M such that the family {Hom(7ii(Mi),T n (C))} n >i 
separates the elements of tti(Mi) then the universal covering M u of M is holomor- 
phically convex. 
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As a corollary we obtain the result of Katzarkov [Kal] on the holomorphic convexity 
of the Malcev covering of any smooth projective manifold. 

Corollary 1.8 Let M be a compact Kdhler manifold such that G S {M) = {e} and 
7T 2 (M) = 0. Then M u is a Stein manifold. 

1.3. We formulate several corollaries on the structure of Kahler groups. 

Let C be a smooth compact complex curve of genus g > 1. Any character 
£ G Hom(iii(C), C*) can be written as exp(£) for some £ G Hom(iri(C),C). In 
turn, £ is defined by integration along the paths of a harmonic 1-form uj on C. 
Let uj = uj' + uj" be the type decomposition of uj into the sum of holomorphic and 
antiholomorphic 1-forms and £" G Hom(7Ti(C), C) be the homomorphism defined by 
integration of uj" — uj" . We set = exp(£"). Then G Hom(iri(C), U\) where Lq is 
the unitary group. Notice also that is uniquely defined by £. Let / : M — > C be 
a holomorphic surjective map with connected fibres of a compact Kahler manifold 
M onto a smooth compact complex curve C of genus g > 1. 

Theorem 1.9 Assume that p G Hom(iri(M), T n (C)) satisfies 

(1) d(p) = ©/*(Pi) for some A G ffom(7n(C), C*); 

i=i 

(2) p'L ® {PjuY 1 is not a torsion character for any i 7^ j. 
T/ien i/iere is p £ Hom(iri(C),T n (C)) such that p = f*(p). 

Remark 1.10 If p G Hom(ni(M) : T^) then (2) acquires the form pi <g> pj 1 is not 
torsion for any i 7^ j. 

Let G be the fundamental group of a compact Riemann surface of genus g > 2 and 
Gi be an extension of G by Z fe , > 1, such that the conjugate action s of G on 
Z fc is trivial on DG. Thinking of Z k as a subgroup of Z k ® C we can extend s to 
a representation s' : G — >■ GL k (C) so that s'{g)\yj* = s(g) for any g G G. Then 
-DG C Ker(s') and so s' admits a decomposition ©^LxSj where Sj is equivalent to a 
nilpotent representation G — > T^.(C) with diagonal character pj. 

Theorem 1.11 Assume that a Kahler group F is defined as 

{e} — > K — F Gi — > {e} 

and j _1 (Z fe ) C F does not admit a surjective homomorphism onto a free group with 
countable number of generators. Then all characters pj are torsion. 

The above theorem produces many examples of non-Kahler groups even in the case 
when K is finitely presented. For instance, a semidirect product of G with Z fc defined 
by s : G — > SL k (Z) as above such that not all pj are torsion is not a Kahler group. 
We will complete this section by 
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Theorem 1.12 Let M be a compact Kdhler manifold satisfying the conditions of 
Corollary |1.<5| and Mh be the same as in Theorem [0|. Assume also that 

dim c M > ^rank{ir 1 {M)/D 2 ir 1 {M)) . 

Then dim c M = lrank{TT 1 (M)/D 2 n 1 (M)) and tti(M h ) is a free abelian group. 
If, in addition, 

7Ti(M u ) = for 1 < i < dim c M 
then ctM H '■ Mh — > Alb(Mu) is biholomorphic. 



Remark 1.13 If tt\{M) is residually torsion free nilpotent satisfying ^(M) = 
and dim c M > \rank(-Ki(M) / Diii{M)) then dim c M = -rank (iri (M) / Diri (M) ) 
and 7Ti(M) is free abelian. If, in addition, fj(M u ) = for 1 < i < dim^M then ctu 
is biholomorphic. 



In particular, any compact complex manifold M with a nonzero Kobayashi semi- 
metric satisfying the conditions of Theorem |1.12| or Remark |1.13| is not Kahler. 

In the next section we reduce Theorem to the case of representations from 
Hom(7Ti(M), T n (C)). Also we describe a classification theorem for a class of flat 
connections on M x C" with triangular (O,l)-components (see [Br]) which is crucial 
in the proof of Theorem [O . 



2. Flat Connections and Flat Vector Bundles. 

2.1. In this section we collect some results on the relation between flat vector 
bundles and the flat connections which determine them. 

Let M be a compact Kahler manifold and gl n (C) be the Lie algebra of GL n (C). 
Consider the family of C°°-trivial flat vector bundles on M of complex rank n. It 
is well-known that every bundle from this family is determined by a flat connection 
on the trivial bundle MxC", that is, by a g/ n (C)-valued differential 1-form u on 
M satisfying 

du-ujAu = 0. (2.1) 

Denote the class of flat connections by A n (M). The group C°°(M, GL n (C)) acts by 
d-gauge transforms on the set A n (M): 

d g (a) = g-'ag - g^dg, g G C°°(M, GL n (C)), a G A n (M) . (2.2) 

Denote the corresponding quotient set by B n (M). (We regard B n (M) as the set 
of d-gauge equivalent classes of connections from A n (M).) Let p : M u — > M be 
the universal covering of M and p*{uj) be the pullback of u. Fix a point x G M u . 
Then there is a unique solution I x {uS) G C°°(M u ,GL n (C)) of the equation dF = 
p*(uj)F satisfying I x (uj)(x) = E n (here E n denotes the unit matrix). I x (u) can be 
obtained by the Picard method of successive approximations (also called iterated 
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path integration) . Let | • | denote the /2-norm in the space ofnxn matrices. Then 
we also have 

\I x (u)(y)\ <e cr(9)Hl ' (2.3) 

where r is the distance from x in the metric pulled back from M, c := c(M) > is a 
constant and | • \m is an L 2 -norm on the space of gl n (C)- valued differential 1-forms 
on M. Moreover, if the form u = u(z) depends holomorphically on a parameter z 
varying in the unit disk DC C, then I x (u>(z))(y) is holomorphic in z for any y G M u . 

Let o(x) := {/i(^)}/ie 7ri (Af) be the orbit of x under the action of the covering 
group iri(M). Then the restriction I x (uj)\ (x) determines a homomorphism of ttx(M) 
into GL n (C): 

4(w)((/n/i 2 )(x)) = 4(a;)(/ii(x)) ■ I x (uj)(h 2 {x)), h h h 2 G tti(M) . 

If x, y G M u are distinct points then there is a matrix C(x,y) G GL n (C) such that 
Iy(u)\o{y) = C{x,y)- 1 I x {u)\ o{x) C{x,y). Further, for any g G C°°(M, GL n (C)) there 
is a matrix C G GL n (C) such that 

= C^I^C, a G A n (M) . 

Thus Ja; determines an injective map I x : B n (M) — > Hom(TTi(M), GL n (C)) / GL n (C) . 
Its image consists of equivalence classes of homomorphisms whose associated flat 
vector bundles are C°°-trivial. 

Another way to construct a representation by a flat connection u G ^4 n (M) is 
as follows (see also, e.g. [O, Sec.5,6]). Let {Ui)i & i be an open covering of M by 
sets diffeomorphic to Euclidean balls and let fi G C°°(M, GL n (C)) be a solution of 
df = ojf on f/j. If we set = f^ 1 fj on UiDUj, then {%} is a locally constant cocycle 
and so it determines a flat vector bundle E(u) on M. Then a standard procedure 
(see, e.g. [KN, Ch.2, Sec. 9]) allows to construct a p G Hom(7Ti(M),GL n (C)) by 
E{uj). Notice that p coincides with / x (a;)U( x ) for a suitable x G M u . 

Let be a C°°-trivial flat vector bundle on M. Consider the flat vector bundle 
End(E). Let {%} be a locally constant cocycle on an open acyclic covering (Ui)i e j 
of M determining E. A family {f]i}i<zi of matrix-valued p-forms satisfying 

Vj = r ,j<li r ij 011 Ui n Uj (2.4) 

is, by definition, a p-form with values in the bundle End(E). According to ( |2.4j ) the 
operators d and A are well-defined on the set of matrix- valued p-forms. In particular, 
one can consider gZ n (C)-valued 1-forms a with values in End(E) satisfying the 
flatness condition da — a A a = 0. Let h be a linear C°°-automorphism of E 
determined by the family {hi} i€l , (hi G C°°(Ui,GL n (C))), satisfying 

hj = c~j hiCij on Ui fl Uj . 

Then a <i-gauge transform dff defined on the set of g/ n (C)-valued 1-forms a with 
values in End(E) is given by the formula 

df t (a) = h~ 1 ah — h~ l dh . 
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Clearly, djf preserves the class of 1-forms satisfying the flatness condition. Let ip 
be a flat connection on M x C n determining E and gi G C°°(Ui,GL n (C)) be a 
solution of df = ipf such that g^gj = c^. Consider the map t$ defined on the set 
of matrix- valued 1-forms a on M by 

= 9i\<*i ~ ^i)9h a i ■= a \ui, i>i ■■= if>\ui ■ (2-5) 

Then maps the set A n (M) isomorphically onto the set of End(E)-valued matrix 
1-forms satisfying the flatness condition. Further, if h G C°°(M, GL n (C)) then the 
family {gr 1 h9i}iei determines an element of Aut(E). In what follows we identify 
C°°(M,GL n (C)) with Aut(E). Then we have 

T lp od h = d%o Ti , for every h G C°°(M, GL n (C) ) 

(for the proof, see e.g. [Br, Prop.2.2]). 

2.2. In this part we describe some results of [Br] (see also [BO] for the general 
case). Let u be a flat connection on M x C n such that the (0, l)-component uj" of 
u) is an upper triangular matrix form. Doing a <i-gauge transform with a diagonal 
matrix-function we may assume without loss of generality that diag(uj") is a matrix- 
valued harmonic (0, 1)- form on M, in particular, that it is d-closed (M is Kahler). 
Consider another flat connection on M x C n defined by the system of ODEs 

df = V/ (2.6) 

where ip := diag(u") — diag{u"). Let ft G C°°(M, -D^), be a family of local 

solutions of (|2.6|) defined on an open acyclic covering (Ui) ie i of M, where C /7 n 
is the Lie subgroup of unitary diagonal n x n matrices. Then the cocycle 

% : = /rVi on t/i n Uj 

determines a flat vector bundle V$ which is the direct sum of C°°-trivial complex 
rank-1 flat vector bundles with unitary structure group. In what follows Vf- valued 
harmonic forms are defined with respect to Laplacians constructed by the natural 
flat Hermitian metric on End(V^). Consider now the map defined in Section 
2.1 with ip as above. Clearly t^{uj) is an End(V^) -valued 1-form with a nilpotent 
(0,l)-component. Recall that a family {r]i}i e i of matrix-valued 1-forms satisfying 

Vj = <',;! '!•<'■;, on Ui n Uj 

is a nilpotent 1-form with values in End{V^) if every r]i takes its values in the Lie 
algebra of the Lie group of upper triangular unipotent matrices. It was proved in 
[Br, Prop.2.3] that 

(A) There is a g G C°°(M, T n (C)) such that T^{d g {u)) — r]x + r] 2 , where the 
(1,0) -form r\\ is d-closed and 772 is a d-closed nilpotent antiholomorphic 1-form. In 
particular, if the form uo is upper triangular then r\\ is also upper triangular. 
This implies that r\\ can be decomposed into the sum a + dh, where a is its harmonic 
component in the Hodge decomposition. Then the Hodge decomposition and the 
<9<9-lemma (see e.g. [ABCKT, Lm.7.39]) imply 
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(B) a is d-harmonic and (a + 772) A (a + 772) represents in the de Rham coho- 
mology group H 2 (M, EndiV^)). 

Conversely, let a be an End(Vp) -valued d-harmonic (1, 0)-form and let 9 be a 
(i-harmonic nilpotent -En<i(\/^)-valued (0, l)-form. Then we have (see [Br, Prop.2.4]): 

(C) Let (a + 9) A (a + 9) represent in H 2 (M, End{V^)) . Then there exists a 
unique (up to a flat additive summand) section h such that a + dh + 9 satisfies the 
flatness condition. In particular, there is a flat connection uj on M x C n with an 
upper triangular (0, 1)- component such that t,^{uj) = a + dh + 9 . If, in addition, a 
is upper triangular then u is also upper triangular. 

The following examples will be used in the sequel. 

Example 2.1 1. Let C be a compact complex curve of genus g > 1. Any represen- 
tation p G Hom(TTi(C), T n (C)) determines a C^-trivial flat vector bundle on C. Let 
d(p) G Hom(iTi(C), D n (C)) be the representation defined by the diagonal of p. Then 
d(p) is defined by the system of ODEs df = <pf with diagonal harmonic 1-form 0. 
Let = 4>' + 4>" be the type decomposition. Denote by d(p)'l G HomijtiiC), the 
representation defined by equation df = (0" — 4>")f- Let Vrf( p )» be the flat vector bun- 
dle associated to d(p)"- Then Vd( p )» = ® 1 i = \V i where each Vi is a complex rank-1 flat 
vector bundle on C with structure group U\. Further, Endiy^p)^) = ©™ J=1 V^* ® Vj. 
Assume that V* <S> Vj is not trivial for any i ^ j. Then it is to see (e.g. by duality) 
that the de Rham cohomology group H 2 (C, V* ®Vf) is zero. According to the above 
results the equivalence class of p is defined by an upper triangular harmonic 1-form 77 
with values in EndiV^p)^) such that r\ A r\ represents in H 2 (C, End(Vd(p)^)) and the 
(0,l)-component of r\ is nilpotent. Notice that the identity H 2 (C, V* <8> Vj) = for 
i 7^ j implies that the first condition for rj is always fulfilled. Conversely, any upper- 
triangular End(Vd( p y^ )-valued harmonic 1-form 77 with a nilpotent (0,l)-component 
determines the equivalence class of a representation from Hom( y Tr 1 (C), T n (C)). 
2. Let M be a compact Kahler manifold, p G S®{M) and p t : M t — > M be the 
Galois covering with the Galois group Tor(7r 1 (M)/D7Ti(M). Let V p be the associ- 
ated flat vector bundle. Then according to condition (b) in the definition of S®(M), 
the first Chern classes of components of the decomposition of Gr*(p^V p °) are zero. 
Therefore p%V p is defined by a flat connection on M t x C n with a triangular (0,1)- 
component and the results of this section describe the equivalence class of p\V p . 



2.3. In this section we reduce Theorem [TTT| to the case of solvable matrix represen- 
tations. 

Let Pi(g%, ■■-,9k) — e ; ■■■,Pi{9xi ■■■:9k) = e be a finite presentation of tti(M). Here 
9iT--,9k ^ ^i(M) is a set of generators. Then Hom(7Ti(M),GL n (C)) is defined 
(up to polynomial isomorphisms) as an affme algebraic subvariety of (GL n (C)) k by 
equations 

Pi(Xi, X k ) = E n , ...,pi(Xi, ...,Xk) = E n , Xi, ...,X k G GL n (C) . 

Let p G Hom(7T\(M),GL n (C)). Assume that there is an irreducible component 
X C Hom(7Ti(M),GL n (C)) of p such that dimcX > 1. Since X is a complex 
algebraic variety of pure dimension > 1, resolution of singularities shows that there 
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is a non-constant holomorphic map / : © — > X such that /(0) = p. Let T p be the 
family of all such maps. Then there is an open neighbourhood O C X of p such 
that for any weO there is an / G JF p so that u> G /(D). Any / G T p determines a 
holomorphic deformation of p (which we denote by the same letter). In particular, 
we have f(z)(g) = ££o fi(g)z\ g G 7n(M), such that /(*) G Hom^M), GL n (C)), 
fo = Pi fi are functions on tci(M) with values in gl n (C) and the series converges 
uniformly on each compact subset of D for any g G tx\{M). 

Let C[[z\] be the ring of formal power series over C. Let I m C C[[z\] denote 
the ideal generated by z m . Let 7r m : C[[z]] — >■ C[[2;]]/J m =: A m [z] be the quotient 
homomorphism. For any h G C[[z]] we identify 7T m (/i) with the first m terms of 
the expansion of h. Let CrL n (A m [,2:]) be the group of invertible n x n matrices with 
entries from A m [z}. Any a G GL n (A m [z]) can be written as a = J^i^o 1 a i z \ where 
di G gln{C). The element a is invertible if and only if a G GL n (C). Similarly, 
denote by gl n (A m [z}) the algebra of all n x n matrices with entries from A m [z]. 
The homomorphism ir m induces a similar homomorphism (denoted by the same 
letter) GL n (C)[[z]] — > GL n (A m [z}) of the space of formal matrix power series which 
associate to each series the first m terms of its Taylor expansion. Assume now 
that / G T p is a homomorphism depending holomorphically on z G D. Then 
7r m (/) G if ora(7Ti(M), GL n (^4 m [^])). Obviously we have 



Proposition 2.2 



D tfer(/(*)) = D KerMf(z))) □ 

zeB i>0 



The main result of this section is the following reduction in Theorem 1.1. We retain 



the notation introduced in Theorem 1.1 



Proposition 2.3 Theorem is a consequence of the following result: 
For any p G Hom(7Ti(M),T n (C)), n > 1, we have Ker(a% lH J C Ker(p). 

Proof. Let S% C gZ n (C) [[z]] be the subalgebra of matrix power series a = X^o *- 2 * 
with diagonal do- We set F m ^ n := ir m (S%) C gl n (A m [z]). Any element b G F m ^ n 
admits an expansion b = Ya!=q 1 ^i z% with diagonal bo. Further, F mn is a finite- 
dimensional Lie algebra over C with the bracket: [a, b] := ah — ba, a, b G F m ^ n . 
Let F^ := {b G F m ^ n : b = YJl^o ^o z \ b G D n } denote the group of invertible 
elements of F mn (with respect to multiplication). Then F^ nn is a complex solvable 
Lie group. Let <fi : F^ n — > GL P (C), p = dimcF m ^ ni be the faithful representation 
obtained by the left multiplication of the elements of F m ^ n by the elements of F^ n . 
We set V k := {v G F m , n : v = YT=k ViZ*}. Then 



V dV 1 dV 2 d ... DV m — {0} 



is a chain of invariant F^ n -submodules with respect to <p. The quotient representa- 
tion F^ n — > GL(V i+ i/Vi) is defined by left multiplication of matrices from gl n (C) 
by invertible diagonal matrices. In particular, <p is equivalent to a representation 
: F^ nn — > T P (C) (defined by the choice of a suitable basis in F m>n ). 



9 



Consider now p G Hom(iri(M), D n (C)). Let / G J- p be a holomorphic deforma- 
tion of p. Then vr m (/) G Hom(iTi(M), i^ n ). Further, consider f m :=(j)o ir m (f(z)). 
It is easy to see that the diagonal characters of / m are the same as for p. Clearly 
f m G Hom(7Ti(M),T p (C)). Assume now that Theorem |1.4| is valid for any f m , 
m > 0, and any n > 1. Then according to Proposition [2.2| , Ker(f(z)) contains 
i^er(o;^ „ ) for any z G D. 

Let C X p be an irreducible component of Hom(7Ti(M),GL n (C)) containing 
p and O C Ii be an open neighbourhood of p such that for any w G O, w ^ p, 
there is / G T p satisfying w G /(D). Then the assumption of the proposition and 
the previous arguments applied to such f(z) imply that Ker(a%[ ) C Ker(w) for 
any w G O. Let g G Ker(a^[ ) and g = p(gi, gk) be a word representing g. 
Here g%, g% G 7i"i(M) are generators. Then the complex algebraic matrix function 
Xk), Xi,...,Xk G GL n (C), equals on an open set O C X\. Since X\ is 
irreducible, p = on X\. This argument applied to each g G Ker(a^ lH J shows 
that Ker[a\ lH ^) C Ker(q) for any g G X\. The same is valid for other irreducible 
components of X p and for any p G Hom(TTi(M), D n (C)). This implies the required 
statement. □ 



3. Fibering Kahler Manifolds. 

In this section we study some properties of fundamental groups of compact Kahler 
manifolds which admit surjective holomorphic maps with connected fibers onto com- 



pact Riemann surfaces. We also prove Theorems L9 and 1.11 . 
3.1. Let / : M — > C be a holomorphic surjective map with connected fibres of a 
compact Kahler manifold M onto a smooth compact complex curve C. Consider a 
flat vector bundle L on C of complex rank 1 with unitary structure group and let 
E = f*L be the pullback of this bundle to M. Let u G Q 1 (E) be a holomorphic 
1-form with values in E (by the Hodge decomposition u is enclosed). 

Lemma 3.1 Assume that lu\v z = for the fibre V z := f^ 1 {z) over a regular value 
z G C . Then u\v — for any fibre V of f . 



Remark 3.2 If V is not smooth the lemma asserts that oo equals on the smooth 
part of V. 

Proof. Denote by S the set of non-regular values of /. Then S C C consists of 
a finite number of points. First consider fibres of / over regular values. By Sard's 
theorem, / : M\f~ 1 (S) — > C\S is a fibre bundle with connected fibres. According 
to our assumption there is a fibre V z of this bundle such that u\v z =0. Then u\y = 
for any fibre V of /|m\/- 1 (s)- ^ n fact? f° r an y fibre V there is an open neighbourhood 
Oy of V diffeomorphic to M 2 x V such that E\q v is the trivial flat vector bundle 
(here we have used the fact that E\y is trivial because it is pullback of a bundle 
defined over a point). Any <i-closed holomorphic 1-form defined on Oy that vanishes 
on V is (i-exact, and so it vanishes on each fibre contained in Oy. Starting with a 



10 



tubular neighbourhood Oy z and taking into account that w\o Vz can be considered 
as a enclosed holomorphic 1-form (because E\o Vz is trivial) we obtain that oj\v = 
for any fibre V C Oy z ■ Then the required statement follows by induction if we cover 
M \ /^(S) by open tubular neighbourhoods of fibres of / and use the fact that 
C \ S is connected. 

Consider now fibres over the singular part S. Let O x C C be the neighbourhood 
of a point x G S such that O x \S = O x \{x} is biholomorphic to D\{0}. In particular, 
7r 1 (O x \ S) — Z. Without loss of generality we may assume that V = / _1 (a;) is a 
deformation retract of an open neighbourhood U x of V and W x := / _1 (0:r) C U x 
(such U x exists, e.g., by the triangulation theorem of the pair (M, V), see [L, Th.2]). 
Since E\y is trivial, the bundle E\u x is also trivial. Therefore we can regard u 
as a d-closed holomorphic 1-form on U x . Moreover, we already have proved that 
u\f = for any fibre F C W x \ /^(S). So uo equals on each fibre of the fibration 
/ : W x \f~ 1 (S) — > O x \S. This implies that there is a enclosed holomorphic 1-form 

on O x \ S such that uo = f*(ui). Assume now that uo\y ^ 0. Then integration 
of oo\w x along paths determines a non-trivial homomorphism h u , x '■ K\(W X ) — >■ C 
whose image is isomorphic to Z. In fact, since embedding W x \ f' 1 ^) W x 
induces a surjective homomorphism of fundamental groups, we can integrate u by 
paths contained in W x \ f~ 1 (S) obtaining the same image in C. Further, for any 
path 7 C W x \f^ 1 (S) we have / u> = J 71 u>i, where 71 is a path in O x \S representing 
the element /*(7) G 7ri(O x \<S'). But ni(O x \S) = Z and therefore h UtX (Tri(W x )) = Z. 
Recall that any path in W x is homotopically equivalent inside U x to a path contained 
in V and so u\v determines a homomorphism h of T := (711 (V) / 'Dtti(V)) j 'torsion into 
C with image isomorphic to Z. Without loss of generality we may assume that V is 
smooth (for otherwise, we apply the arguments below to each irreducible component 
of a desingularization of V). Integrating holomorphic 1-forms on V along paths we 
embed T into some C k as a lattice of rank 2k. Then there is a linear holomorphic 
functional f u on C k such that h = / w |r. Since rk(h(T)) = 1, f u equals on a 
subgroup H C V isomorphic to Z 2fc_1 . In particular, / w = on the vector space 
i? = span(H) of real dimension 2k — 1. But Ker{f UJ ) is a complex vector space. So 
/ u = on C fc which implies that w\y = 0. This contradicts our assumption and 
proves the required statement for fibres over the points of S. 

The lemma is proved. □ 
3.2. Let / : M — >■ C be a surjective holomorphic map with connected fibres of a 
compact Kahler manifold M onto a smooth compact complex curve C. Then the 
induced homomorphism /* : tti(M) — >■ 7r 1 (C) is surjective. Denote by T 2 C T 2 (C) 
the Lie group of matrices of the form 




(a G C*, be C). 



For a homomorphism p G Hom(iri(M), T 2 ) we let p a G Hom(iri(M), C*) denote the 
upper diagonal character of p. 

Proposition 3.3 Lei p G Hom(iri(M), T 2 ) &e snc/i i/iai p a zs a non-unitary char- 
acter. Assume that p a \Ker(f*) ^ trivial. Then p\Ker(f*) a/so trivial. 
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Proof. Let pt : M t — > M be the Galois covering with transformation group 
Tor(7Ti(M)/D7Ti(M)). Then p\ 7Tl (M t ) determines a C°°-trivial complex rank-2 flat 
vector bundle on M t , because Pa\m(M t ) — ex P(p'\^i(M t )) for some p' G Hom(iri(M), C). 
In particular, p| 7ri (jvf t ) can be defined by a flat connection 

^ = f q Jj ) ; dn-nAn = o 

on M t x C 2 where a; is a <i-harmonic 1-form on M t lifted from M. Moreover, since 
pa\Ker{f,) is trivial, ui is the pullback by / op t of a ci-harmonic 1-form defined on C. 
Let = uji + u;2 be the type decomposition of uj into the sum of holomorphic and 
antiholomorphic 1-forms lifted from C. Denote by E p the rank-1 flat vector bundle 
on M t with unitary structure group constructed by the flat connection uj 2 — ZJ2 and 
by Eq = M t x C the trivial flat vector bundle. Observe that E p is pullback of a flat 
bundle on C. In particular, E p \y is trivial for any fibre V of / o p t . According to 
the results of Sections 2.1 and 2.2 the equivalence class of p\ ni (M t ) * s determined by 
a enharmonic 1-form 9 with values in End(E p © E ) satisfying 9 A 9 represents in 
H 2 (M U End(E p © Eq)). More precisely, 




where rf is a <i-harmonic 1-form with values in E p satisfying u\ A v( represents 
in H 2 (M t , E p ). Let M t M\ C be the Stein factorization of / o p t . Here 
gi is a morphism with connected fibres onto a smooth curve Mi and #2 is a finite 
morphism. Then for any fibre V ■=— > M 4 of pi we have that p$|y : V — > PtiV) is a 
regular covering of the fibre Pt{V) of / with a finite abelian transformation group. 

Lemma 3.4 rj'\y = for fibres over regular values of g±. 

Based on this statement we, first, finish the proof of the proposition and then will 
prove the lemma. From the lemma and Lemma |3.1| it follows that T)'\w — for any 
fibre i : W ^ M t of yi. Thus /o| wl (Af f ) is trivial on z*(7Ti(VK)) C ^(M^. But 7Ti(W) 
is a subgroup of a finite index in 7Ti(p t (W)) and the image of p|j»(7n(p t (w))) consists 
of unipotent matrices by the assumption of the proposition. (Here j : PtiW) ■=— > M 
is embedding.) Therefore p|j»( 7 r 1 (p t (w))) is trivial for any H 7 . Denote by the flat 
vector bundle on M associated to p. Then we have proved that E\w is trivial for any 
fibre W of /. Further, let (Ui)i e i be an open covering of C such that := f~ l {Ui) 
is an open neighbourhood of a fibre = G C/j, and Wi is deformable 

onto Vi. Since E'lv; is trivial, E\w t is also trivial. In particular, E is defined by a 
locally constant cocycle {c^} defined on the covering (Wj)j 6 j. But then {c^} is the 
pullback of a cocycle defined on (L^) ig / because the fibres of / are connected. This 
cocycle determines a bundle E' on C such that /*£" = E. Then p is the pullback 
of a homomorphism p' G Hom(jri(C),T2) constructed by E' . 

This completes the proof of the proposition modulo Lemma ^TA. 



Proof of Lemma |3.4| . Observe that u\ 7^ in the above definition of 9 because 
p a is non- unitary. We also regard 7/ 7^ 0, for otherwise, the image of p consists of 
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diagonal matrices and the required statement is trivial. Let % : V M t be a fibre 
over a regular value of g±. For any A G C* consider the form 

_ / Awi 77' \ 

y J • 

Clearly, # A A #a represents in H 2 (M t , End(E p © £J )) and thus, according to the 
results of Section 2.2, it determines a representation p\ G Hom(ni(M t ), T 2 ) with the 
upper diagonal character p A a defined by the flat connection Ac^i +^2- In particular, 
the family {p\ a } contains infinitely many different characters. Assume that p\i t ( ni (v)) 
is not trivial. Then it can be determined by the restriction 0\i(v)- But according to 
our assumption uii\i(v) = and -E p |j(y) is a trivial flat vector bundle. Thus p\u( ni {v)) 
is defined by t/|i(v) G ^{iiV), C). Let ^ G Hom(i(V), C) be a homomorphism 
obtained by integration of Vl^v) along paths generating 7Ti(i(V)). Then 

I ( 1 ^\ 

PkOnflO) = I 1 J " 

We also obtain that /0\|i»(7n(v)) — p\i*(m(v)) an d so it is not trivial for any A G C*. 
We will prove now that the family {p\ a } contains finitely many different characters. 
This contradicts our assumption and shows that p\i,( ni (v)) is trivial and so r]'\ v = 0. 

Let H := i*(iri(V)) be a normal subgroup of ni(M t ) (the normality follows 
from the exact homotopy sequence for the bundle defined over regular values of <7i). 
Denote by H a b the quotient H/DH. Then H a b is an abelian group of a finite rank. 
Moreover, H ab is a normal subgroup of K := ni(M t )/DH and the group K\ : = 
K/H a b is finitely generated. Note that p\ induces a homomorphism p\ : K — > T 2 
for any A G C* with the same image as for p A because the image of px\n is abelian. In 
particular, p\{H a b) is a normal subgroup of p(K). Since by our assumption p\{H a b) 
is a non-trivial subgroup of unipotent matrices, from the identity 

(0 i)'(o O'(o iP(o 7') (-C.^ec) 

it follows that the action of P\{K) on p\(H ab ) by conjugation is defined by multi- 
plication of non-diagonal elements of p\(H ab ) by elements of P\ a (^i(M t )). Note also 
that Tor(H ab ) belongs to Ker(p\) for any A. Thus if H' = Z s is a maximal free 
abelian subgroup of H ab then p\ a {^i{M t )) consists of eigen values of matrices from 
SL S (Z) obtained by the natural action (by conjugation) of K 1 on H' . Since K\ is 
finitely generated, the number of different p\ a is finite which is false. 

This contradiction completes the proof of the lemma. □ 
3.3. Let / : M — > C be a holomorphic map with connected fibres of a compact 
Kahler manifold M onto a smooth compact complex curve C of genus g > 1. Then 
7Ti(M) is defined by the exact sequence 

{e} — > Ker{U) — > 7n(M) — > 7n(C) — > {e} . 
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Moreover, Ker(f*) is a finitely generated group. Let G C Ker(f*) be a normal 
subgroup of 7Ti(M). Then the quotient group i? := ni(M)/G is defined by the 
sequence 

{e} _^ Ker{U)/G — i? — ^(C) — {e} . 

Assume that 

(1) if := Ker(f*)/G is a free abelian group of rank fc > 1; 

(2) the natural action of Dtti(C) on if is trivial. 

From (2) it follows that the action s of 7Ti(C) on if determines an action of H? 9 = 
7Ti(C) / Dtti(C) on H. Identifying H with Z k we can think of H as a subgroup 
(lattice) of Z k ®C = C k . Then s determines a representation s' : 7Ti(C) — > GL k (C) 
such that Ker(s') C Dtti(C) and s'(^)|h = s(g) for any g G 7Ti(C). Since s' descends 
to a representation Z 2s — ► GLk(C), it admits a decomposition s' = ©^LjSj where 
Sj is equivalent to a nilpotent representation 7r 1 (C) — > 7fc t (C) with a diagonal 
character p^. Here YljLi kj = k. 

Proposition 3.5 All characters pj are torsion. 

Proof. By definition, R is an extension of tti(C) by H. It is well known, see, e.g. 
[G, Ch.I, Sec. 6], that the class of extensions equivalent to R is uniquely defined 
by an element c G H 2 (ni(C), H) where the cohomology is defined by the action s 
of 7Ti(C) on H. Let / G Z 2 (tci(C), H) be a cocycle determining c. Then one can 
define a representative of the equivalence class of extensions as the direct product 
H x 7Ti(C) with multiplication 

Oi, 9i) ■ (h 2 , g 2 ) = (hi + s(g l )(h 2 ) + f(gi, g 2 ),gi ■ 52); 
hi, h 2 G H, gi,g 2 G 7Ti(C) . 

The natural embedding H Z fe <g> C(= C fc ) determines an embedding i of R into 
the group i?' defined as C fc x 7Ti(C) with multiplication 

(vi, 9i) • (v 2 , g 2 ) = (vi + s'(gi)(v 2 ) + f(gi, g 2 ), gi ■ g 2 ); 
f G Z\m(C),H), vi,v 2 G C fc , ^,^ 2 G 7Ti(C) . 

Here we regard / as an element of Z 2 (tti(C), C k ) defined by the action s'. From 
the decomposition s' = ©^LiSj it follows that there is an invariant 7r 1 (C)-submodule 
Vj C C k of dimcVj = k — 1 such that Wj = C k /Vj is a one-dimensional 7r 1 (C)- 
module and the action of ni(C) on Wj is defined as multiplication by the character 
Pj. Then, by definition, Vj is a normal subgroup of Rl and the the quotient group 
Rj = R '/Vj is defined by the sequence 

{e} — > C — ► Rj — > 7n(C) — ► {e} . 

Here the action of tti(C) on C is multiplication by the character pj. Further, the 
equivalence class of extensions isomorphic to Rj is defined by an element Cj G 
H 2 (ni(C), C) (the cohomology is defined by the above action of 7Ti(C) on C). We 
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will assume that the character pj is non-trivial (for otherwise, pj is clearly torsion). 
Let us denote by tj the composite homomorphism 7Ti(M) — > R R' — > Rj. 

Let E p . be a complex rank-1 flat vector bundle on C constructed by pj G 
Hom(7Ti(C),C*). Since C is a K(tti(C), l)-space, there is a natural isomorphism 
of the above group H 2 (ivi(C), C) and the Cech cohomology group H 2 (C, E Pj ) of 
the sheaf of locally constant sections of _E Pj , see e.g. [M, Ch.l, Complement to 
Sec. 2]. But each flat vector bundle on C is C°°-trivial and each homomorphism 
from Hom(7Ti(C), C*) can be continuously deformed inside of Hom(iri(C),C*) to 
the trivial homomorphism. Therefore by the index theorem 

dim c H°(C,E p .) - dimcH\C,E Pj ) + dim c H 2 (C,E p .) = xMC)) = 2 - 2g . 

Note that H°(C,E P .) = because pj is non-trivial. Furthermore, if 1 (C, E Pj ) 
is in a one-to-one correspondence with the set of non-equivalent representations 
p : 7i"i(C) — ► T 2 C T 2 (C) with the upper diagonal character pj. Using the 
identity Ilf=i[ej, e 9+i ] = e for generators ei,..,e 2g G 7i"i(C) we easily obtain that 
tZimc-H^CjE^) = 2# - 2. Thus we have H 2 (C,E p .) = 0. This shows that 
H 2 (tti(C), C) = and is isomorphic to the semidirect product of C and 7i"i(C), 
i.e., Rj = C x 7r 1 (C) with multiplication 

(Vi,9i) ■ (v 2 ,g 2 ) = (vi + pj(gi) ■ v 2 ,gi ■ g 2 ), v u v 2 e C, g x ,g 2 e 7ri(C) . 
Let us determine a map 0^ of Rj to T 2 by the formula 
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Obviously, <pj is a correctly defined homomorphism with upper diagonal character 
Pj. Hence <pj o tj : 7Ti(M) — ► T 2 (C) is a homomorphism which is non-trivial 
on Ker(f*) by its definition. Now Proposition |3.3| implies that pj is a unitary 
character. Therefore we have proved that all characters of the action of tti{C) on 
H are unitary. This means that each element of the above action is defined by a 
matrix from S'Lfe(Z) with unitary eigen values. Applying now the theorem on the 
units of a ring of integers of an algebraic field (see, e.g. [BS, p.l05,Th.2]) we obtain 
that each pj is a torsion character. □ 



Using Proposition [3.5| we prove the following statement. 

Let / : M — ► C be a holomorphic map with connected fibres of a compact 
Kahler manifold M onto a smooth compact complex curve C of genus g > 1. 

Proposition 3.6 Assume that p G Hom(7ri(M),T 2 ) and that the upper diagonal 
character p a is pullback of a character from Hom(iTi(C),C*). Assume also that 
p\Ker(f„) is non-trivial. Then p a is torsion. In addition, the number of p a satisfying 
these assumptions is finite. 

Proof. First, from the assumption of the proposition it follows that p maps Ker(f*) 
to the abelian group N := DT 2 of unipotent matrices in T 2 (C). Let G be the intersec- 
tion of kernels of all homomorphisms p satisfying the conditions of the proposition. 
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Then G is a normal subgroup of m(M) and D(Ker(f*)) is contained in G. Set 
G x := Ker{f*) n G and let R := m(M)/G u H := Ker{f*)/G x . Then R is defined 
by the exact sequence 

{e} — >H — >R — ► 7n(C) — ► {e} . 

Observe that by the definition of G\ and conditions of the proposition, if is a non- 
trivial finitely generated free abelian group. Let us check that Dtti(C) acts trivially 
on H. In fact, let a E Dm(M), b E Ker(f*). Then p([a,b}) = \p(a),p(b)] C 
DN = {e} for any homomorphism p satisfying conditions of the proposition. Thus 
[a, b] E G. Moreover, [a, b] E Ker(f*) because this is a normal subgroup. Thus 
[a, b] E G\ and so its image in R is trivial. This implies the required statement. Fur- 
ther, according to Proposition |3.5| all characters of the action s of tti(C) on H are 
torsion. Consider now a homomorphism p satisfying assumptions of the proposition. 
Then clearly p determines a homomorphism p' : R — > T 2 with the same image. 
Since according to our assumption p\icer(f,) is non-trivial, p'\n is also non-trivial. 
Thus p'{H) is a non-trivial normal subgroup of p'(R). But p'(H) is a subgroup of 
unipotent matrices. Hence, the action of p'(R) on p'(H) by conjugation is defined 
by multiplication of the non-diagonal elements of p'(R) by elements of p a (^i(M)). 
So p a {ji{M)) consists of eigen values of invertible integer matrices obtained by the 
natural action s of tti{C) on H. This implies that p a is torsion because as we have 
proved, all characters of s are torsion. This argument also shows that the number 
of p a satisfying conditions of the proposition is finite. □ 

3.4. Proof of Theorem p..9| . Let V p be a flat vector bundle on M associated to 
p E Hom(n 1 (M),T n (C)) satisfying the assumptions of the theorem. Since the ho- 
momorphism d(p) E Hom(iri (M), D n (C)) is the pullback of a homomorphism from 
Hom(iri(C), D n (C)), V p is C°°-trivial. Let ^ be a flat vector bundle associated to 
the homomorphism p" iu . Then = ©" = i^ is a flat vector bundle on C associated 
to £ := diag[p" u , p^ u ] E Hom(7Ti(C), D%)- According to the results of Sections 
2.1 and 2.2, the equivalence class of p is uniquely defined by an upper triangu- 
lar i?n<i(/*V^)-valued <i-harmonic 1-form a with a nilpotent (O,l)-component such 
that a A a represents in H 2 (M, End(f*V^)). Moreover, according to (1) diag{a\) 
of the (l,0)-component a% of a is the pullback of a harmonic 1-form on C. Fur- 
ther, a = I]ij=i a ij where is a d- harmonic 1-form with values in f*(V* ® Vj). 
Any pair (f*(V* (g> Vj),aiij) determines a homomorphism p^ E Hom(7ri(M),T 2 ) 
with upper diagonal character f*(p" u <8> (p^) -1 )- Since by assumption (2) the lat- 
ter character is not torsion, Proposition |3.5| implies that pij is the pullback of a 
representation 7i"i(C) — ► T 2 . In particular, there is a d- harmonic 1-form with 
values in V* <8> Vj such that f*(flij) = o%. Thus a is the pullback of an upper 
triangular End^V^) -valued harmonic 1-form (3 = J27,j=iPij with a nilpotent (0,1)- 
component. Now Example [2.1| 1 says that the pair (V^, (3) determines a represen- 
tation p E Hom(iri(C),T n (C)). Finally, our construction and results of Section 2.2 
give /*(p) =p. □ 

3.5. Proof of Theorem |1 . 1 1| . Let M be a compact Kahler manifold with funda- 
mental group F. According to the assumption of the theorem, F admits a surjec- 
tive homomorphism p onto a fundamental group G of a compact Riemann surface 
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of genus g > 2. (Here p is the composition F — > G\ — ► Gi/Z fc = G.) Then 
by the Siu-Beauville theorem (see, e.g. [ABCKT, Th.2.11]) there are a holomor- 
phic map / : M — > C with connected fibres onto a compact complex curve C 
of genus g' > g and a homomorphism h : 7Ti(C) — > G such that p = h o 
Let := /„(j _1 (Z fc )) C 7Ti((7) be a normal subgroup. Assume first that n 1 (C)/E 
is finite. Then we have fo(-E') is a normal subgroup of a finite index in G. But 
h(E) = p(j~ 1 (Z k )) = {e} which is wrong. Thus ni(C)/E is infinite and so E is a 
free group. According to the assumption of the theorem the number of generators 
r of E is finite. Let S — > C be a regular covering corresponding to iti(C)/E. If 
r > 2 then the group Iso(S) of isometries of S is finite and since tti(C)/E is in- 
finite we have r < 1. If r = 1, any discrete subgroup of Iso(S) is virtually cyclic 
and in particular does not act cocompactly on S. Thus r = which means that 
j~ 1 (Z fe ) C Ker(f*), iri(C) = G and h is the identity homomorphism. In particular, 
K C Ker(f*) satisfies conditions (1), (2) of Proposition |3.5| . This implies that all 
characters of the action of G on Z fc are torsion. □ 



4. Proofs of Theorems ItTll , \£A and [tT6l . 

Sections 4.1 and 4.2 below contain the proof of Theorem |1.1| . 

4.1. First we prove a two-dimensional version of the required result. 

Let T 2 U C T 2 (c T 2 (C)) be the subgroup of matrices with unitary upper diagonal 
elements. As before, p a G Hom(iri(M), U\) denotes the upper diagonal character of 
p G Hom(7Ti(M), Trf). Recall that X a stands for the normalization of the image of 
the Albanese map ax '■ X — ► Alb(X) and a\ : X — > X a denotes a holomorphic 
map which covers ax- 

Lemma 4.1 There is a finite Galois covering r : Mh — > M with an abelian 
Galois group H := H(M) such that for any p G Hom(7Ti(M), T£) there is p G 
Hom(7ii(M Ha ),T2) so that p o r* = p o a\ lH ^. 

Let us introduce some definitions. Given a character £ G Hom(7ri(M), C*), let 
denote the associated 7Ti(M)-mo dule. We define S^vr^M)) to be the set of 
characters £ G Hom{ r Kx{M), C) such that ^(^(Af), C e ) is nonzero. 
Theorem ([BSC]). There is a finite number of surjective holomorphic maps with 
connected fibres onto smooth compact complex curves /, : M — > Cj and torsion 
characters Pi, p'j G Hom(iri(M), C*) swc/i i/iai 

S^vr^M)) = Upj;(^om(vr 1 (Q),C*)) U\J{p' 3 } . 

i j 

Remark 4.2 The structure of the positive dimensional components of S 1 (7r 1 (M)) 
was discovered by Beauville [Be]. In [SI] Simpson proved that the set of zero di- 
mensional components of S 1 (7Ti(M)) consists of torsion characters provided M is 
a smooth projective manifold. Finally, Campana [CI] established this fact for an 
arbitrary compact Kahler manifold by reducing the question to Simpson's theorem 
(the projective case). 



17 



Proof of Lemma PO. We represent Homfa (M) , T 2 U ) as Ri U R 2 U R 3 U i? 4 with i?; 



to be denned below and prove the lemma for any component of the decomposition. 

It is well-known that the equivalence class of p G Hom(TTi(M), T 2 ") is defined 
by an element of H l (7Ti(M),C Pa ). Let R\ consist of homomorphisms p such that 
H 1 ( y 7ii(M),Cp a ) = 0. Then p is equivalent to a representation in the group of 
diagonal 2x2 matrices. Thus if p t : M t — > M is the Galois covering with the 
Galois group Tor(7Ti(M) / Dtt^M)) then obviously p\ m (M t ) is the pullback by a M( of 
a homomorphism from Hom(iTi(Alb(M t )) , T 2 "). 

Assume now that H 1 (tci(M), C Pa ) 7^ 0, or equivalently, p a G S 1 (7Ti(M)). Let 
K be intersection of the kernels of all characters pi and p'j from the BSC theorem. 
Then if is a normal subgroup of vri(M) and the quotient group G := 7Ti(M)/K is 
finite abelian. Let p : Ma — > M be the Galois covering with the Galois group G. 
We set p' a := Pa^Me)- Then p' a is the upper diagonal character of p' := p\ ni (M G )- 
Further, according to the BSC theorem, there are two possibilities: 

(1) p' a is trivial; 

(2) there are a holomorphic surjective map / with connected fibres onto a smooth 
curve C and p\ G Hom(ni(C), C*) such that p' a = p\ o (/ op)*. 

We will denote by R2 the set of p G Hom(7Ti(M), T^) satisfying (1). Then the 
image of pI^Mo) f° r p E R 2 is abelian and consists of unipotent matrices. Therefore 
p|7n(M G ) is the pullback by au G of a homomorphism from Hom(iri(aM G (MG)), T£). 

Consider now case (2). Let M G — ^ Cj — C be the Stein factorization of fop. 
Here g\ is a morphism with connected fibres onto a smooth curve C\ and #2 is a 
finite morphism. Then p' a is the pullback by g\ of g 2 (pi) G Hom(7Ti(Ci), C*). Denote 
by Rs(f) the set of p G Hom(7Ti(M), T 2 ) for which p'^erOi,) is non-trivial and let 
i?3 = UiRs(fi) where the union is taken over all maps fi from the BSC theorem. 
According to Proposition p^ for p G Raif) is torsion and the number of such 
characters is finite. This implies that p a is also a torsion character. Moreover, if 
n(p) is the number of distinct p a for p G Rs(f) then ^ J2 P £R 3 (fi) n(p) < 00. 

Finally, denote by Ri{f) the set of homomorphisms p for which p'\Ker(g ls „) is 
trivial and let R4 = UiR^fi). Then for any p G Ri(f) there is £ G if om(7ri(Ci), T^) 
such that p' = £ o g u . 

Let F be the intersection of the kernels of all characters p a for all p G R% and 
Fi := Fnifn7Ti(M t ). Clearly Fi is a normal subgroup of 7r x (M) and := 7Ti(M) /iq 
is finite abelian. Let r : M# — M be the Galois covering with Galois group H. 
Then there is a covering map r± : M# — > Mq such that r = p o n. Now for 
p G # 3 (.f) U i2 4 (/) let gi : M G — > G x be as above and M H ^ C 2 ^ G x be 
the Stein factorization of g\ o n. Here /ii is a morphism with connected fibres 
onto a smooth curve C 2 and /i2 is a finite morphism. Then p" a := PaU^A/n) is 
the pullback by h\ of ((72 h 2 )*(pi) G Hom(7ii(C 2 ), C*) and p" is the upper diag- 
onal character of p" := p\ ni (M H )- m particular, if p G -R 4 (/) then p" is pullback 
by hi of £ o /i 2 * G Hom(7Ti(C 2 ),T2). Since C2 is a smooth curve, the Albanese 
map ac 2 '■ C 2 — > Alb{C 2 ) is an embedding. Below we identify C 2 with ac 2 {C 2 ). 
Then there is a holomorphic surjective map ac 2 '■ Alb(MH) — > y4Z5(C2) such that 
^1 = fl c 2 a M H - Thus if n : Mu a — > ®m h (Mh) is normalization, then p" is the 
pullback by a n Mn of £ o (/i 2 oa C2 ou),e Eom{ii x {M Ho ), T 2 ). 
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Assume now that p G Rs(f). Then p" is trivial and the image of p" consists of 
unipotent matrices (and so is abelian). This implies that p" is pullback of a homo- 
morphism from Mn a because any such p" is defined by integration of a harmonic 
1-form on M#. 

So we have considered all possible implications for p G -£fom(7Ti(M), T^) and 
have proved Lemma |4.1| with the above defined H. □ 



Remark 4.3 1. Let p G ifom(7Ti(M# a ), T^) be a homomorphism from Lemma 4J. 
that is p o r* = p o a^- , and p a be the upper diagonal character of p. Then the 
arguments of the lemma show that p a = exp(r^) for some 77 G if om(7Ti(M# a ), C). In 
particular, p a is uniquely defined by p a . Indeed, by definition a 1 ^ determines an 
isomorphism of Hi(M H , Z)/ torsion and Hi(M Ha , Z)/ torsion . Since also p a or* = exp(</>) 
with cf) G Hom(nx(Mn), C) (see the definition of if), the above isomorphism implies 
that cf) = (77 + 0i) o ttjjf , where 0i is a homomorphism of 7r 1 (M^ a ) into It^iL. This 
shows that p a is uniquely defined. 

2. In fact the lemma is valid for any representation of Hom(jrx(M), T2(C)). However, 
our choice of the class is stipulated by the following argument. 

Note that any p in Lemma ^j] is equivalently defined by a flat vector bundle E 
on M, 

— >Ex — > E — >E 2 — > 

where E2 is a trivial flat vector bundle of complex rank-1 and E\ is a flat vector bun- 
dle with unitary structure group (associated to the character p a ). It is well known 
that the equivalence classes of extensions of E 2 by E\ are in one-to-one correspon- 
dence with the elements of the Cech cohomology group H 1 (M, Ei), where E x is the 
sheaf of locally constant sections of Ei (see, e.g., [A, Prop. 2]). In particular, by 
the de Rham theorem and the Hodge decomposition we obtain that the equivalence 
class of E is uniquely defined by a <i-harmonic 1-form 77 with values in Ei (as before 
the Laplacian is defined by the flat Hermitian metric on Ex). The pullback r*E on 
Mh determines the homomorphism p\ ni (M H )- Let s : Mi — > Mu a be a desingu- 
larization. (Since Mn a is normal, the fibres of s are connected.) Then there is a 
modification m : M' H — ► Mh and a holomorphic surjective map ax '■ M' H — ► Mi 
such that the diagram 

M' H Mi 

ml [s (4.1) 

M H ^ M Ha 



commutes. In particular, Lemma |4.1| implies that there is a flat vector bundle F on 
Mi lifted from M# a defined by 

— > Fx — ► F — > F 2 — >0 

where F 2 is a trivial flat vector bundle of complex rank-1 and Fx is a flat vector 
bundle with unitary structure group and by a <i-harmonic 1-form 771 with values in 
Fx such that a{F = m*(r*E) and, hence, a\{r}x) = (rom)*(r]). Note that according 
to part 1 of the remark, Fx is uniquely defined by Ex. Clearly rjx\v — and Fx\v is 
trivial for any fibre V of s because F\y is a trivial flat vector bundle. 
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4.2. We are ready to prove Theorem According to Proposition |2.3| it suffices 



to prove the theorem for representations p G Hom(7Ti(M), T n (C)). Let V p be the 
associated flat vector bundle and pt : M t — > M be a regular covering with the 
covering group T := Tor(7r 1 (M)/D7r 1 (M)). The representation p\ ni (M t ) is defined 
by V%Vp- Let d(p) G Hom(irx(M), D n (C)) be the representation defined by the 
diagonal of p. Then clearly d(p)\ 7ri rM t ) £ E n (M t ) (see its definition in Introduction). 
Moreover, the diagonal characters p^ of rf(p)| 7 r 1 (M t ) satisfy p~ = exp(pjj op (t ) for 
some pjj G Hom(7Ti(M),C). In particular, pjfV^ is defined by a flat connection 
uj on M t x C n such that cj is an upper triangular 1-form and diag(u) consists 
of harmonic 1-forms lifted from M. Further, according to the results of Section 
2.2, pj V p is also defined by a flat vector bundle E on M t which is a direct sum 
of complex rank-1 flat vector bundles with structure group Ux and by an upper 
triangular 1-form a + dh with values in End(E) satisfying the flatness condition. 
Here a is (i-harmonic with a nilpotent (O,l)-component and E is defined by the flat 
connection diag(uj") —diag(u") where to" is the (O,l)-component of to. In particular, 
the structure of diag{u) shows that E = p* t V for a flat vector bundle V on M 
which is a direct sum ©" =1 V^ of C^-trivial complex rank-1 flat vector bundles with 
structure group Ux- Further, End(E) = ®™ j=1 Eij with Ey := p* t V* ®p* t Vj. Then a 
admits a decomposition a = J27j=i a ij where is a harmonic 1-form with values 
in Eij. Let Ji (Eij) be the space of ^-valued enharmonic 1-forms on M t . Since 
Eij is pullback of a bundle on M, the finite abelian group T acts on H}(Eij). This 
action is completely reducible and H}(Eij) is isomorphic to the direct sum ©^-f^ 
of unitary 1-dimensional T-modules. Then = YlT=i a % with a£- G H k . Let 
& G HomiKi^Mt), T£) be a representation constructed by the pair (Ey, a&). 

Lemma 4.4 There exists^ G Hom(Ti l (M Ha ),T2) such that £ij\ m (M H ) = ( a M H )*(£ij. 

Proof. According to our construction, for any h G T we have h*(a^) = p k {h)a^. 
Here we regard h as a biholomorphic map of M t and pk is the character determining 
Hk- In particular, p k determines a complex rank-1 flat vector bundle B k on M 
with structure group Ux and determines a d-harmonic 1-form <5^ with values in 
B k <g> V7 © such that p£ (5y) = a^-. Let £ fc G Hom(7ii(M),T 2 ) be a representation 
defined by (B k © V^* © V,-, 5^). Then by Lemma fO] there is a representation G 
Hom(7ii(M Ha ),T 2 ) such that £ fc o r* = o a\ lHir - But our constructions implies 
that ('or, =£JL(m„)- 

The lemma is proved. □ 

Further, observe that r*E is the pullback of a bundle F defined on Mn a lifted 
from Aifo(M) (because each V\ is defined by a homomorphism exp(pj) with rji G 
Hom(7Tx(M), C)). Moreover, F is the direct sum ©™ =1 -Fj of C°°-trivial complex 
rank-1 flat vector bundles with structure group U\. Therefore r*(End(E)) is the 
pullback of End(F) = ®l j=l F ij} F {j := F* <g> Fj so that r*£y = (al lH )*F tj . Let 
m : M# — > Mh and s, «i be the same as in Remark |4.3| (see ( |4.1[ )). Then according 
to Lemma and Remark [4.3| applied to each E^ and a^, the form (r o m)*(aj 3 -) 
is the pullback by ct\ of a ci-harmonic 1-form with values in s*F^- (see also the 
uniqueness condition of part 1 of the remark) such that (3ij vanishes on each fibre 
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of s. Thus (r o m)*(a) = a*(/3), where (3 = J27,j=iPij * s a ^-harmonic 1-form with 
values in s*(End(F)). Observe also that the flatness condition and <9<9-Lemma imply 
that a A a is a enclosed, d-exact (l,l)-form. Thus from Proposition 6.1 of [Br] it 
follows that (3 A (3 is a d-closed, d-ex&ct matrix (l,l)-form with values in End(F). 
Moreover, by the definition of a the (O,l)-component of (3 is nilpotent. Then from 
the results of Section 2.2 it follows that there is a unique (up to a flat additive 
summand) section h\ such that (3 + dh\ satisfies the flatness condition. Moreover, 
by the same uniqueness result applied to a and h we have 

al((3 + dh x ) = (r o m)*(a + dh) . 

In particular, the pair (F, (3 + dh\) determines a flat vector bundle F' on Mi with 
triangular structure group such that a\F' — (r o m)*V p . Let V be a fibre of s 
(without loss of generality we may assume that V is smooth, for otherwise we apply 
the arguments below to each irreducible component of a desingularization of V). 
Then by the definition of (3, f3\y is zero and F\y is a trivial flat vector bundle. 
From here and the flatness condition it follows that h±\y is pluriharmonic and so it 
is constant. Thus F'\y is a trivial flat vector bundle and the argument similar to 
that used in the proof of Proposition |3.3| shows that there is a flat vector bundle 
F" defined on M Ha such that s*F" = F'. Let p G Hom(n MHa ,T n (C)) be the 
homomorphism associated to F" . Then poa^ = por, because m* determines an 
isomorphism of fundamental groups. 

This completes the proof of Theorem |1.1|. □ 



Remark 4.5 Let p G Hom(7Vi(M), N n ) be a homomorphism into the group of 
upper triangular unipotent matrices. Then the arguments of the proof of Theorem 



L~l| show that Ker(a^, u ) C Ker(p). In fact, in this case the above flat bundle E 
is the direct sum of trivial complex rank-1 flat vector bundles and so all harmonic 
1-forms with values in End(E) are pullbacks from Alb(M). This result can be also 
obtained from a result of Campana (see e.g. [ABCKT, Prop.3.33]). 

4.3. Proof of Theorem |1.4j. Let £ G S®(M). Condition (b) in the definition 



of the class S®(M), the arguments used at the beginning of Section 4.2 and the 
results of Sections 2.2 imply that the equivalence class of is uniquely defined 
by a c?-harmonic matrix 1-form a with values in a bundle E which is a direct sum of 
C°°-trivial complex rank-1 flat vector bundles with structure group U\ lifted from 
M, such that a A a is d-exact (because the flat vector bundle on M t associated to 
p£ (£) is defined by a flat connection with an upper triangular (O,l)-component on 
M t x C n ). Repeating word-for-word the arguments used in the proof of Theorem 



T7T] in the case £ G Hom(7ti(M),T n (C)), we obtain the required factorization of £. 
It remains to prove that there is a p G Hom(7Ti(M), D%) such that G X p *^. 

As above (see Section 2.2), pi (£) is defined by a matrix 1-form (a' + dh) + a" with 
values in End(E) satisfying the flatness condition. Here a' is a holomorphic 1-form 
and a" is an antiholomorphic nilpotent 1-form. The flatness condition is equivalent 
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to the equations 



(a' + dh) A (a' + dh) = 0; 
d( a ' + dh) = (a' + dh) A a" + a" A (a' + dh); 
a" A a" = . 

This implies that the form 2;(a' + dh) + a" is also flat for any z G C. This 
form determines (by iterated path integration) a holomorphic deformation £(z) G 
Ham{'Kx{M t ) : GL n (C)) such that f (1) = p*(£) and f (0) is defined by End(E) -valued 
antiholomorphic nilpotent 1-form a". In particular, £(0) G Hom(ni(M t ),T^) and 
the diagonal d(£(0)) G Hom(iri(M t ), D™) of £(0) determines £7. By the definition 
of E, there is a p G Hom(-Ki(M), D%) such that p*(p) = d(£(0)). We complete the 
proof of the theorem by 

Lemma 4.6 Let Y be a compact Kdhler manifold. For any 77 G Hom(7Ti(Y),T n (C)) 
we have X v C X d ^ . 

Proof. Let X\ be an irreducible component of X v of pure dimension > 1. We 
will prove that X\ C X d ^y According to the results of Section 2.3 there is an 
open neighbourhood O C X\ of 77 such that for any w G O, w ^ 77, there is a 
holomorphic map / : D — > X\ satisfying /(0) =77 and w G /(©). Regarding / 
as a holomorphic deformation of 77 we have f(z)(g) = X^o fi(d) z \ 9 e ^iOOj sucn 
that f(z) G ifom(7Ti(y), GL n (C)), /o = 77, /j are functions on 7Ti(y) with values in 
gl n (^) and the series converges uniformly on each compact of D for any g G 7Tx(Y). 
Let y G D, y 7^ 0, be such that /(?/) = to. For a holomorphic diagonal matrix 
function A(z) := diag[l, z, z 2 , z n_1 ] we define = A(z)~ 1 f(yz n ~ 1 )A(z). Set 

a := (l/|7/|) 1 / ( - n ~ 1 ' ) > 1. Then a straightforward calculation shows that fi(z) is 
holomorphic in the disk D a := {z G C : \z\ < a}, /i(0) = d(rj), /i(l) = w and for 
any z G D a , fi{z) G ifom(7Ti(y), GL„(C)). From here it follows that there is an 
irreducible component X(w) of X d ^ containing w. This is valid for any w G O. 
Thus X\ coincides with X(w ) for some w G O because X\ is irreducible and 
O C X 1 is open. 

This completes the proof of the lemma. □ 

The above lemma implies that in Theorem |1.4| belongs to X p *( p y □ 

Corollary 4.7 Let p G S n (M) (see the definition in Introduction). Then there 
is a holomorphic deformation p(z) G Hom(7Ti(M),T n (C)) , z G C, of p such that 
p(l) = p and p(0) G Hom{-Kx{M),Dl). 



Proof. The proof repeats the arguments of the proof of Theorem |1.4| , because in 
this case p is defined by an upper triangular flat connection u on M x C n and we 
can use the results of Section 2.2. Further details might be left to the reader. □ 
Proof of Theorem [TT^. Clearly we have G° S (M) C G° SU (M). We will prove 
that G° SU (M) C G°(M). Let p G S n (M), that is p G Fornix (M), T„(C)) and 



d(p) G According to Corollary [4.71 , there is a holomorphic deformation p(z) G 
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Fom(7ri(M),T n (C)), z G C, of p such that p(l) = p, p(0) G Hom(7Ti(M), D%) 
and p(z)(g) = YltLo fi(.9) z \ 9 e 7Ti(M) where the /j are upper triangular functions 
on 7Ti(M). Let 7r m : CrL n (C)[[,z]] — > GL n (A m [z]) be the quotient homomorphism 
defined in Section 2.3. Then 7r m (p(z)) G Hom(TTi(M), GL n (A m [z})) is equivalent to a 
representation p G Hom(7Ti(M),Tp) (see the arguments of the proof of Proposition 
|2.3| ). Therefore Ker(ir m (p(z))) D G° SU (M) for any m > 0. Then Proposition |2.2j 
implies that 

G° U (M) C fl ^er(7r,(p(z))) = H Ker(p(z)) C Ker(p) . 

i>0 zGC 

This shows that G° SU (M) C G°(M) and completes the proof of the theorem. □ 



5. Proofs of Theorem [tT7| and Other Results. 



According to Theorem Ker^a^ ) C G S (M). We assume that the Albanese 
map «Af H is non-trivial. For otherwise, ZTer(a^ ) = ^i(Mjj) which implies that 
M s = Mn and the required statement is trivial. Let K := Ker(a.M H *)- Then K is 
a normal subgroup of 7ii(M) (because tti(Mh) C tti(M) is normal) and tti(M)/K 
is a solvable group of the form 

{e} — > Z 21 — > m(M)/K — >H — > {e} . 

Here I = dimcAlb(Mn). It is easy to see that tti(M)/K admits a faithful repre- 



sentation to some T„(C) (see, e.g. the construction used in Lemma |4.4|) . Therefore 
G S (M) C K. Let F := a^ H JG s (M)) and M Fa — > M Ha be a covering corre- 
sponding to the group F C tt\{Mho)- Here M# a = (Mh)- By the covering 
homotopy theorem there is a holomorphic surjective map / : M s — > Mp a which 
covers ol\i h . Let i : V ^ M H be a connected component of a fibre of a\i H - Then 
i*(7Ti(V")) C ifer(cKjJ f ) C G S (M) and therefore there is an embedding i' : F M s 
such that ^'(i* 1 ) is a connected component of a fibre of /. This shows that / is a 
proper surjective holomorphic map onto Mp a . Let / = /io/ 2 be the Stein factoriza- 
tion of /. Here / 2 : M s — >■ M' is a proper holomorphic map with connected fibres 
and f\ : M' — > Mp a is a finite morphism. Then M' is normal and any holomorphic 
function on M s is pullback of a holomorphic function on M' . We will prove that M' 
is holomorphically convex. 

Let K' = oUyi H (K) and Mx' a be the Galois covering of Mn a corresponding 
to K' . Then by the definition of K, there is an intermediate covering map p : 
Mp a — ► Mk'ci- Let A : C ? — > Alb(Mn) be the universal covering. Since by 
definition tti{M h )/K = tc^Mh^/K' = irx(Alb(M H )), M K , a is normalization of 
A^ip.u^Mii)) C C l . In particular, the standard properties of Stein spaces (see 
e.g. [GR]) imply that Mx' a is Stein and the covering Mp a of Mx' a is also a normal 
Stein space. Moreover, f\ : M' — > Mp a is a finite morphism and so M' is a normal 
Stein space. In particular, M' is holomorphically convex. 

Other statements of the theorem are easy corollaries of the above argument. 

The theorem is proved. □ 



23 



Remark 5.1 According to Remark |1.2j the kernel of any matrix unipotent repre- 
sentation of 7Ti(M) contains Ker^a^*)- Then the same arguments as before show 
that the Malcev covering of M is holomorphically convex which includes the result 
of Katzarkov [Kal]. 



Proof of Corollary |1.8| . If G S (M) = {e} then the universal covering M u is 



holomorphically convex and any fibre V of a 1 ^ can be lifted to M u (we denote the 
image of V in M u by the same letter). Since 7r 2 (M) = 0, Hurewicz's theorem implies 
that H 2 (M U , C) = 0. Let u be a ci-closed (l,l)-form on M u which is pullback of the 
form on M determining the Kahler metric. If dimcV > 1 then u\y is not ci-exact 
and so u determines a non-trivial element of H 2 (M U ,C). This contradiction shows 
that dimcV = and the map f% : M u — > M' from the proof of Theorem [T7| is 
identity. Therefore M u = M' is Stein. □ 



Remark 5.2 In particular, M u satisfying assumptions of Corollary |1.8| has the 
structure of a k- dimensional complex with k = dime M u . Thus any compact com- 
plex manifold M satisfying the assumptions of the corollary such that 7Tj(M) ^ 
for some i > dimcM is not Kahler. 



Proof of Theorem |1.12| . According to Corollary |L~8| , a r li H '■ Mh — > Mn a is a 



finite analytic covering. In particular, 

dim c M H < dim c Alb(M H ) < Kank(iT 1 (M)/D 2 7i 1 (M)) . 
These inequalities and the condition of the theorem imply that 

dim c M H = dim c Alb(M H ) = Kank{iT 1 (M)/D 2 7i 1 (M)) 
and olm h '■ Mh — > Alb(Mu) is a finite analytic covering. According to Theorem 



L~4] , any p G Hom(iri(M),T n (C)) factors through oj^ (which coincides with cxm h 
in our case). Therefore 7r 1 (M // )/G s (M) ^ ^{AI^Mh)). Since G„(M) = {e}, we 
have 7Ti(Mff) = Zi(Alb(M H )) = % 21 - This completes the proof of the first part of 
the theorem. 

If, in addition, 7ii(M u ) = for 1 < i < dim c M, then M H is a K(Z 21 , 1)- 
space. Note that Alb(Mn) is also a K(Z 21 , l)-space and induces an iso- 

morphism of fundamental groups. Therefore by Eilenberg's theorem (see [E]), 
a* Mn : E\Alb[M H ),T) — > H l (M H ,Z) is an isomorphism for any i > 0. Note 
that if 1 G H 2l (Alb(M H ),Z) is a generator then a* MlI {l) coincides with deg(aM H )- 
Applying the above isomorphisms with i = 21 we get deg(aM H ) = 1 showing that 
olmh i s biholomorphic. □ 



Similarly one can prove the statement of Remark |1 . 13 
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